Abstract -Curves and surfaces of type I are generalized to integral towers of rank r. Weight functions with values in N' and the corresponding weighted total-degree monomial orderings lift naturally from one domain in the tower to the next, Rj, the integral closure of R j -1 [ a j ] / ( $ ( a j ) ) . The g-th power algorithm is reworked in this more general setting to produce this integral closure over finite fields, though the application is primarily that of calculating the normalizations of curves related to one-point AG codes arising from towers of function fields. Every attempt has been made to couch all the theory in terms of multivariate polynomial rings and ideals instead of the terminology from algebraic geometry or function field theory, and to avoid the use of any type of series expansion.
I. INTRODUCTION
Type I curves were introduced by Feng and Rao [1] with defining equations of the form za + yb + g ( z , y) = 0 , gcd(a, b) = 1, a > b > deg(g(z, 9)).
Some curves are described in terms of more than two variables, along the lines of Example 3.22 in [3] . Regardless of the number of variables involved, the proper view is that each defining function +j (aj) determines a ring extension The general form of the defining functions here will be
for wt a natural "weight" function to be described below, and some extra condition on mj and the The concepts of order functions and weight functions are discussed in Geil-Pellikaan [2] , and [3] as well. Here such functions will be viewed as maps from F,[zn,. . . , 2 1 1 into N' for some 0 < r 5 n that are weighted total orders that agree with the defining equations in the sense that wt ( n! : : a;',') = wt(aj"'); but will be used only when they satisfy the additional constraint wt(gj(aj,. . . ,a1)) < wt(zyj). It will be of Eindhoven Eindhoven, the Netherlands e-mail: g . r . pellikaanQTUE . nl seen that these can be naturally extended to various weighted total-degree monomial orderings as well.
Finally it will be shown how to move from a ring R, integrally closed in its field of fractions F , to its integral closure i c p ( R ) in an extension field F' := F(y)/(+(y)) defined by a monic polynomial $(y), naturally lifting the weight function in the process (meaning that the weights of all elements in the integral closure have all non-negative entries).
More traditional methods for calculating integral closures start with a basis for the ring R and adjoin new elements to produce larger and larger rings, culminating with the integral closure itself. But there are two more recent methods [5] and [4] using methods which start with a module containing the integral closure and delete elements not in the integral closure. All, save the q-th power algorithm require producing various series expansions, however. And, philosophically, expansion-driven algorithms are inherently point-wise algorithms; whereas polynomial-based algorithms are global in nature. So the computation of the integral closure will be done here by invoking the 9-th power algorithm introduced by Leonard [4] , using the above monomial ordering to define normal forms, and using a variant of the trace-dual basis of the standard basis to define the initial set A; in the algorithm.
This can be viewed as an algorithm for producing the integral closure of a given ring or the normaEization or non-singular model of a curve, particularly one in special position. And the algorithm does this purely algebraically and globally, without reference to any local terms such as places, valuations, points, singularities, blow-ups, and other such usually found in discussions of normalization. In particular, as mentioned above, there are no series expansions of any sort involved, and no extensions of the ground field either.
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